
Information Technology and Quantitative Management 2014

The majority preference relation based on cone

preference relations of the decision makers

Alexey Zakharov

Saint-Petersburg State University

Faculty of Applied Mathematics and Control Processes,

Department of Control Theory,

Russia, Saint-Petersburg

4 èþíÿ 2014 ã.



Individual multicriteria choice model of DM1

X � set of feasible decisions, X ⊆ Rn

f = (f1, . . . , fm) � vector criterion, f : X → Rm

Components of the individual model

set of feasible vectors (outcomes) Y, Y = f(X)

individual binary preference relation �l of the DMl.

Individual preference relation �l

y(1) �l y
(2) ←→ y(1) is more preferred than y(2)



Individual preference relation �l

Axioms of individual rational choice [Noghin, 2002]

1. The Pareto axiom.

If y(1) ≥ y(2) than y(1) �l y
(2).

2. Axiom of invariance under a linear positive transformation.

∀y(1), y(2) ∈ Rm, ∀c ∈ Rm, ∀α ∈ R, α > 0
y(1) �l y

(2) ⇒ αy(1) + c �l αy
(2) + c.

Properties of relation �l

�l � cone relation with cone Kl (y
(1) �l y

(2) ⇔ y(1) − y(2) ∈ Kl)
Cone Kl:
1) convex
2) pointed
3) Rm

+ ⊂ Kl, 0 /∈ Kl



Majority preference relation �

Consider n DMs and group preference relation �

De�nition

y(1) � y(2) :
∃{l1, ..., lp} ⊂ {1, ..., n} : y(1) �lj y(2) ∀j ∈ {1, ..., p},
where p = [(n+ 1)/2].

Lemma 1

Majority preference relation � is cone relation with cone K, where

K =

Cp
n⋃

l=1

p⋂
j=1

Klj ,

{Kl1, ...,Klp} ⊂ {K1, ...,Kn}, p = [(n+ 1)/2].



Properties of majority preference relation �

Lemma 2

Majority preference relation �:
1) irre�exive
2) invariant under a linear positive transformation
∀y(1), y(2) ∈ Rm, ∀c ∈ Rm, ∀α ∈ R, α > 0
y(1) � y(2) ⇒ αy(1) + c � αy(2) + c.
3) cone K: Rm

+ ⊂ K, 0 /∈ K

In general, cone K is not convex.
K � convex ⇔ � � transitive
Problem: Specify convex part of cone K

(transitive part of relation �)



Individual preferences

"Quantum" of information about relation �l [Noghin]

i −→ j with w
(l)
i , w

(l)
j > 0

y ∈ Rm : yi = w
(l)
i , yj = −w(l)

j , ys = 0 ∀s 6= i, j
y �l 0

"Quantum" of information specify the known part (cone Ml) of
cone Kl, Ml ⊆ Kl
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DMl has "quanta" of information
↓

cone Ml for each l ∈ {1, ..., n},
Ml ⊆ Kl



Case of 3 DM

Let n = 3.
DM1 : �1 ↔ K1, DM2 : �2 ↔ K2, DM3 : �3 ↔ K3.

Majority preference relation � with cone K

K = (K1 ∩K2) ∪ (K1 ∩K3) ∪ (K2 ∩K3).
cone K: Rm

+ ⊂ K, 0m /∈ K
In general, cone K is not convex (relation � is not transitive).

DMl for each l ∈ {1, 2, 3} has "quanta" of information
↓

cone Ml for each l ∈ {1, 2, 3}, Ml ⊆ Kl

↓
cone M = (M1 ∩M2) ∪ (M1 ∩M3) ∪ (M2 ∩M3) � known part of

cone K
↓

If M is convex, "optimal" choice � NdomM (Y )
If M is not convex, specify cone M̂ � convex part of M ,

"optimal" choice � NdomM̂ (Y )



"Quantum" of information for each DM

Let m = 2, DM1 : �1, DM2 : �2, DM3 : �3 .

DM1: y
(1) =

(
w

(1)
1

−w(1)
2

)
�1 0, M1 = cone{e1, e2, y(1)} \ 0.

DM2: y
(2) =

(
w

(2)
1

−w(2)
2

)
�2 0,

M2 = cone{e1, e2, y(2)} \ 0.

DM3: y
(3) =

(
w

(3)
1

−w(3)
2

)
�3 0,

M3 = cone{e1, e2, y(3)} \ 0.
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l = 1, 

s = 2, 

k = 3. 

ˆ ( ) Ndom ( )MP Y Y
g

Theorem 1

P̂g(Y ) ⊆ P (Y ), P̂g(Y ) = f(Pg(X)).

g : g1 = f1, g2 = w
(s)
2 f1 + w

(s)
1 f2.

s : w
(l)
1 w

(s)
2 − w

(l)
2 w

(s)
1 > 0, w

(s)
1 w

(k)
2 − w

(s)
2 w

(k)
1 > 0,

l, s, k ∈ {1, 2, 3}, l 6= s, l 6= k, s 6= k.



"Quantum" of information for each DM

Let m = 2, DM1 : �1, DM2 : �2, DM3 : �3 .

DM1: y
(1) =

(
w

(1)
1

−w(1)
2

)
�1 0, M1 = cone{e1, e2, y(1)} \ 0.

DM2: y
(2) =

(
w

(2)
1

−w(2)
2

)
�2 0,

M2 = cone{e1, e2, y(2)} \ 0.

DM3: y
(3) =

(
−w(3)

1

w
(3)
2

)
�3 0,

M3 = cone{e1, e2, y(3)} \ 0.
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ˆ ( ) Ndom ( )MP Y Y
g

Theorem 2

P̂g(Y ) ⊆ P (Y ), P̂g(Y ) = f(Pg(X)).
g : g1 = f1,

g2 = w
(1)
2 f1 + w

(1)
1 f2, if w

(1)
1 w

(2)
2 − w

(1)
2 w

(2)
1 > 0,

g2 = w
(2)
2 f1 + w

(2)
1 f2, if w

(1)
1 w

(2)
2 − w

(1)
2 w

(2)
1 < 0.



Two "quanta" of information for each DM

Let m = 2, DM1 : �1, DM2 : �2, DM3 : �3 .

DM1: y
(1) =

(
w

(1)
1

−w(1)
2

)
�1 0, ȳ(1) =

(
−v(1)1

v
(1)
2

)
�1 0,

M1 = cone{e1, e2, y(1), ȳ(1)} \ 0.

DM2: y
(2) =

(
w

(2)
1

−w(2)
2

)
�2 0, ȳ(2) =

(
−v(2)1

v
(2)
2

)
�2 0,

M2 = cone{e1, e2, y(2), ȳ(2)} \ 0.

DM3: y
(3) =

(
w

(3)
1

−w(3)
2

)
�3 0, ȳ(3) =

(
−v(3)1

v
(3)
2

)
�3 0,

M3 = cone{e1, e2, y(3), ȳ(3)} \ 0.

M = (M1 ∩M2) ∪ (M1 ∩M3) ∪ (M2 ∩M3)
cone M ↔ known part of majority relation �



M is convex
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2( )l
y

2( )s
y

2( )k
y

1( )l
y

1( )k
y

1( )s
y

l1, s1, k1 ∈ {1, 2, 3}, l1 6= s1, l1 6= k1, s1 6= k1
l2, s2, k2 ∈ {1, 2, 3}, l2 6= s2, l2 6= k2, s2 6= k2

w
(s1)
1 v

(s2)
2 − w(s1)

2 v
(s2)
1 > 0,

Theorem 3

P̂g(Y ) ⊆ P (Y ), P̂g(Y ) = f(Pg(X)).

g : g1 = v
(s2)
2 f1 + v

(s2)
1 f2,

g2 = w
(s1)
2 f1 + w

(s1)
1 f2.



M is not convex
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(1)u

(2)ul1, s1, k1 ∈ {1, 2, 3},
l1 6= s1, l1 6= k1, s1 6= k1
l2, s2, k2 ∈ {1, 2, 3},
l2 6= s2, l2 6= k2, s2 6= k2

M̂ = cone{e1, e2,u(1),u(2)},
u
(1)
1 u

(2)
2 − u

(1)
2 u

(2)
1 > 0,

M̂ � convex part of cone M ,
M̂ is not unique.

Theorem 4

P̂g(Y ) ⊆ P (Y ), P̂g(Y ) = f(Pg(X)).

g : g1 = u
(2)
2 f1 + u

(2)
1 f2,

g2 = u
(1)
2 f1 + u

(1)
1 f2.

NdomM̂ (Y ) = P̂g(Y )



Conclusions

1. Introduced the majority preference relation using cone preference
relations of the DMs
2. Considered the properties of cone of the majority preference
relation
3. Investigated case of 3 DM, aggregation of individual preferences
("quanta" of information) using the majority preference
4. Shown, that using such information the "optimal" group choice
is the Pareto set of "new" multicriteria problem
5. In speci�c cases such "optimal" choice is not unique
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