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Comparison of Histograms

Problem statement of Comparison of Histograms

Let U = {U} be a set of all histograms of form U = (z;, u;)ser,

T; < Tjyl, 1€ 1.

We want define the total preorder relation R (reflexive, complete and
transitive relation) on U: (U,V) e R< U = V.
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Comparison of Histograms

Ordering Arguments of Histograms

The relation R should be in accord with the condition of the ordering
of histogram arguments by ascending their importance:

it U = (z,u}), U" = (x;,u]) be two histograms for which u] = u! for
all i # k,l and uj — v} = u}) —uj, > 0 then U” = U’ for k > [ and

U =U" for k < L.
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Comparison of Histograms

Application of Comparison of Histograms

o comparison of results of different experiences;

@ comparison of indicators of functioning of the organizational,
technical systems etc.;

@ decision-making under fuzzy uncertainty;
@ simulation of fuzzy preferences;

@ comparisons of income distribution within the framework of
socio-economic analysis;

o ranking of histogram data
ete.
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Comparison of Histograms

Main Approaches for Comparison of Histograms

@ probabilistic approach;

o ranking methods of income distribution in the theory of social
choice.
Histograms income has the form U = (i,u;);Y; = (u;)1Y;, where
up < ug < ... < Uy, in this case. These histograms are compared
with help of welfare functions W (U) that satisfy the conditions of
symmetry, monotonicity, concavity, etc.

@ using the tools of comparison of fuzzy numbers.
The histogram U = (x;,u;);es 18 associated with fuzzy set (or
fuzzy number) by means of membership function U = (u;);er
which is defined on the universal set X = (x;);c;.
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Comparison of Histograms

Some Probabilistic Indices of Comparison

We consider a numerical index r(U, V) of pairwise comparison of
histograms U and V in U2.

Let index r(U, V) is consistent with increasing of importance of
arguments: if U = (z;,u;), V = (4, v;) be two histograms for which
u; = v; for all ¢ # k,l and uw; — vy = v — ug > 0 then r(U, V) > 0 for
k> 1land r(U,V) <0 for k <. In particular »(U,U) = 0.

Let A (U, V) =r(U,V)—r(V,U) > 0 be a differential index of

comparison.

Let U = (x4, u;i)icr and V = (2, v;)jer are random variables taking
values {x;};c; with probabilities {u;}icr and (v;);ecr respectively.
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Comparison of Histograms

Examples of Indices Pairwise Comparison of
Histograms

1. Comparison of mathematical expectations

Let U = V if E[U] > E[V]. In general U = V if E[f(U)] > E[f(V)],
where f is some utility function.

Let Eo[U] = A= (E[V] — Zmin) be a normalized index, where

AZ = Tmax — Tmin, Eo[U] € [0, 1].

Let Ap(U,V) = Eo[U] — Ey[V] = & (E[U] — E[V]) be a corresponding

T
differential comparison index.

2. Comparison of distribution functions

Let U = V if Fy(z) < Fy(z) for all x € R, where Fy(z) = >
distribution function of random variable U.

This is a principle of stochastic dominance of the 1st order.
Let Ap(U,V) = inf (Fy(z) — Fy(z)) be a corresponding

re (xmzn y7Tmazx

1:x; <T W; 18

differential comparison index.
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Comparison of Histograms

3. Comparison of probabilities

Let U = V it P{U >V} > P{U < V'}. This approach to comparison
called by stochastic precedence (V precedes U).

If we assume that the random variables U = (z;, u;);cr and

V = (xj,vj)jer are independent then P{U >V} = >  wv;.
(Z’,j)::EiZI]'

The corresponding differential comparison index is denoted by
Ap(U,V)=P{U >V} —P{U <V}

Notice that the inequality Ap(U, V') > 0 does not specify a transitive
relation.
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Distortions of Histograms

Distortions of Histograms

The compared histograms may be distorted.

The reasons of distortions:

@ random noise;
@ deliberate distortion of data;
o filling gap in incomplete data;

o etc.
The a-distortion of histogram.
Let U = (x4, u;)ier is a “ideal” histogram and U= (24, U;)ier is an
interval distortion of U: u; = u; + h;, ¢ € I, where Ziel h; =0 and

|hi| < aw;, i € I, where a € [0,1]. The value « characterize the
threshold of distortion.
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Distortions of Histograms

Let
Na(U) = {H = (hidies + 3, hi =0, il < ows, i € T}

be a class of all a-distortion of histogram U = (x4, u;)er-

Main problem

Suppose that A, (U, V) > 0. In what case do we have A.(U,V) > 0 for
all H € No(U) and G € Ng(V)?

By other words, when the comparison of histograms will not changed
after a-distortion of histogram U = (z;, u;);er and S-distortion of
histogram V' = (x;,v;)er?
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Conservation Conditions of Comparison w.r.t.
Ap(U,V) = L (E[U] — E[V]) Index
We consider the value
Ey = sup {Zie[ x9h; : (hi)jer € Nl(U)}
for U = (zi,u;)ic1, where z¥ = A%c (z; — Tmin) € [0,1] Vi € I.

Lemma

The estimation 0 < & < min {Ey[U],0.5} is true.

Proposition

Let U = (x5, uw; + hy)ier, V= (zj,vj + gj)ier be a a- and (-distortion
of histograms U = (z;, ;)" and V = (xj,vj)?zl respectively. Then we
have Ag(U,V) > 0 for all (h;)ier € No(U) and (g;)ier € Ns(V),

o, B €10,1] iff Ap(U,V) 2 alu + Bév.
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Conditions of Preservation for Comparison

Let &y = min {Ey[U],0.5}.
Corollary

If we have Ag(U,V) > afy + BEv, then inequality AE(f], V)>0is
true for all (h;)icr € No(U) and (gi)icr € Na(V).
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Conditions of Preservation for Comparison

Conservation Conditions of Comparison w.r.t
Ap(U, V) = inf  (Fy(z) — Fy(z)) Index

HAS (T min sTmax

Let Fy(x) = sup {X ., <p hi: (Pi)ies € N1(U)}-
Lemma

Fu(z) = min{Fy(x),1 — Fy(z)} for all z € R.

Proposition

Let U = (zi,ui + h)ier, V = (j,vj + gj)ier be a a- and [-distortion
of histograms U = (zi, ui)ier and V = (z;,v;)ier respectively. Then we
have Ap(U,V) > 0 for all (h;)icr € No(U) and (g;)ier € Np(V') iff

Fy(x) — Fy(x) > aFy(z) + BFv () for all z € R.
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Conditions of Preservation for Comparison

Corollary

The inequality Ap(U,V) > 0 is true for all (h;)icr € No(U) and

(9i)ier € Na(V) iff 0 < sgp % <1 (the fraction is equal to

zero if its numerator and denominator are equal to zero).

Corollary

If Ap(U, V) > sup {aFy(z) + BFv ()} then inequality Ap(U, V) >0
T

is true for all (h;)icr € No(U) and (g;)ier € Ng(V).
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Conditions of Preservation for Comparison

Conservation Conditions of Comparison w.r.t.

Ap(U,V) = P{U >V} — P{U < V} Index

Proposition

Let U = (zi,ui + hy)ier, V = (zj,vj + gj)jer be a a- and B-distortion
of histograms U = (x;,u;)ier and V = (z;,v5)jer respectively. Then we
have Ap(U,V) >0 for all (h;)ier € No(U) and (g:)ier € Ns(V),
a,B€0,1] iff Ap(U, V) > Ana (U, V), where

Anag(U, V)= sup Z g g A b =g — D =104 o
(h;)i€Nq (U)wi<$j
(9:)i €N (V)
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Conditions of Preservation for Comparison

Corollary

If
a+p

1+ ap
then inequality Ap(U, V) > 0 is true ¥(hi)ier € No(U),
(9:)ier € Na(V).

Ap(U,V) > 1+P{V=U}), (1)

Corollary

If
a+B+ap
Ap(U,V)Zl+a+ﬁ+aﬁ, (2)

then inequality Ap(U, V) > 0 Y(h;)ier € No(U), (g:)icr € Na(V).

v

Remark. The condition (2) gives weaker restrictions on distortions of
histograms which preserve their comparison relative differential index
Ap(U,V) than condition (1).
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Comparison of Admissible Distortions

Comparison of the Sets of Admissible
Distortions

Let

QU V) =
- {(a,ﬁ) AU, V) =¢, AT, V) > 0VH € No(U), G € Ng(V)}
be a set of admissible distortions of histograms U and V for given
comparison A, (U, V) = c.
The set QS(U, V) has a form

QU V) ={(e,8) : @20,8>0,27(e, 8) < 1},

where ®S(a, ) is a ray function (i.e. continuous, non-negative and
homogeneous).
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Stability to Distortion

We have
o 0 (a, B) =1 (a&y + BEv) for index Ag(U,V);
o ¢%(a,B) = Sl;p {%} for index Ap(U,V);
o % (a, B) = LAn, 5(U, V) for index Ap(U, V).
We call the comparison (U, V') = ¢ > 0 by J-stable to distortion if

§ = 80U, V) = max {k(a, ) : ®¢(a,B) <1},

where k(a, ) is a some criterial function, as which the may be, for
example: ki(a, ) = %(a + B), k2(a, ) = min{«, 8}.

The J-stability characterizes the maximal level of distortions of
histograms for which the sign of comparison histograms will not
change. In particular, i )(U V)= TR T 5 )(U V) =eter
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Comparison of Admissible Distortions

Example. Histograms of Unified State Exam of
Universities

We consider the comparison of the two histograms of USE (Unified
State Exam) applicants admitted in 2012 on a speciality ”Economy” in
Moscow State Institute of the International Relations (MGIMO, the
histogram U) and Moscow State University (MSU, the histogram V).
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Figure: Histograms of MGIMO (dark color) and MSU (light color).
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The Results of Analysis of Stability

o differential index of comparison w.r.t. expectations:
Ag(U,V) = Ey|U] — Eo[V] = 0.063
o differential index of comparisons w.r.t. distribution functions:

Ap(V,U)= inf (Fy(x)— Fy(x)) = 0.0031;

4B T8
o differential indexl of comparisons w.r.t. probabilities:
Ap(UV)=P{U>V}—-P{U <V} =025
The values of J-stability of comparisons of histograms w.r.t.:
o expectations: 53 (U, V) = 0.375, 62 (U, V) = 0.351;
o distribution functions: 5% (U, V) = 0.00199; 62 (U, V') = 0.00179;
o probabilities: 6% (U, V) = 0.306, 62 (U, V) = 0.254.
Thus the comparisons w.r.t. expectation shows the greatest stability
(at the level of 35-40%). The comparisons w.r.t. probability slightly
worse than the first comparison (25-30%). The comparison w.r.t.
distribution function has the lowest stability (0.15-0.20%).
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Comparison of Admissible Distortions

Graphs of Boundaries of Admissible Distortions
Sets
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Summary and Conclusion

Summary and Conclusion

@ The necessary and sufficient conditions on the distortion level of
histograms, under which the result of the comparison of
histograms by probabilistic methods will not change, were found

o It was confirmed that ”integral” methods of comparison (for
example, method of comparing expectations, method comparisons
of probability) are more stable than pointwise comparison
methods, such as stochastic dominance.

@ The conditions of invariability of comparing histograms can be
used to estimate the reliability of results of different rankings, data
processing, etc.

@ The different types of uncertainty of data may be associated with
considered model of distortion of histograms. For example, it may
be stochastic uncertainty, the uncertainty associated with the
distortion of the data in filling data gaps, etc.
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